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ON STABLY FREE MODULES OVER AFFINE ALGEBRAS 

JEAN FASEL, RAVI A. RAO, AND RICHARD G. SWAN 

Abstract. It is proved that if X = Spec{R) is a smooth afBne threefold 
over a field k of characteristic different from 2 then the elementary symplectic 
Witt group Wb (K) has a nice cohomological description as H^ {X, K3 ) . Using 
Bloch-Kato for Ki, K2 it is shown that this is a divisible group prime to the 
characteristic. The following cancellation theorem is obtained from this result: 
If X is a non-singular affine variety of dimension d over an algebraically closed 
VP field k, and if (d — l)\ £ k^ then any stably trivial vector bundle of rank (d— 1) 

over X is trivial. The hypothesis that X is non-singular can be weakened to 
X is normal if d > 4. 
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1. Introduction 

Let R be an affine algebra over a field k of dimension d. Let P be a projective 
i?-module of rank r. 

A. A. Suslin has shown in [31], [3^ that if r = d, and k is algebraically closed, 
then P is cancellative. In [33] he showed that if fc is a perfect Ci-field (explained 
later in the text), and r = d, and P is stably free, then it is actually free. In jB] 
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S.M. Bhatwadekar showed that a projective module P of rank d is cancehative, in 
this situation. 

In [31J Sushn concludes by posing a few problems which he feels are of consid- 
erable interest. The third one asks for which m will each stably free i?-module of 
rank > m be free. 

In the invited address on August 21, 1978, at the International Congress of 
Mathematicians in Helsinki, Finland, A. A. Suslin in [32j suggests that the bounds 
may not be the best possible in the situation of algebras over an algebraically 
closed field k. In this paper we prove that his surmise is right by showing that if 
r = d — 1 > 0, and P is stably free, then P is free. 

This is the best possible expectation over algebraically closed fields. In [31] A. A. 
Suslin mentions that all stably free but not free modules known to him are of rank 
< (dim A — l)/2. In response to this, in [17J N. Mohan Kumar gave a method of 
constructing a non-free stably free projective module over the coordinate ring of 
certain basic open sets D{f) of affine space A^., for d > 4, of rank (d — 1), if k is of 
transcendence degree one over an algebraically closed field. Clearing "denominators" 
he could get a smooth, rational affine variety of dimension d over an algebraically 
closed field and a rank d — 2 stably free non-free projective module over it. 

In [12J the first named author made the initial breakthrough to Suslin's question 
by showing that over a smooth threefold R, a stably free rank two projective module 
is free. One of the main ingredient of the proof was the use of a spectral sequence 
in Grothendieck-Witt groups (alias Herniitian iiT-theory) to compute the group 
KqSp{R) in terms of cycles. Another key part used was to observe that over 
such an algebra R, Um4{R) / E4Sp4{R) = strengthening Suslin's theorem that 
Umi{R)/SLi{R) = 0. 

We motivate our method of proof by recollecting: Let (ai, . . . , a^) be a unimod- 
ular row over R, where i? is a reduced fc-algebra of dimension d. In all situations 
below r\R — R. 

• If fc is algebraically closed, and r = d + 1, then by Swan's Bertini theorem in 
|35 j one can ensure, after an elementary transformation, that R/{a2, ■ ■ ■ ,ad+i) is 
a finite product of fc. In this case the units of the quotient is a d!-divisible group. 
Thus, there is the (appropriate) factorial unimodular row in the elementary orbit 
of any given unimodular row. (This will be a strong motivation for us.) 

• If i? is a domain, and non-singular in codimension one, and fc is a Ci-field and 
r = rf + 1, then by Swan's Bertini theorem one can ensure, after an elementary 
transformation, that R/(az, . . . , ad+i) is a non-singular curve over fc. In this case 
Suslin showed in [33j that SKi of the quotient ring is dl-divisible. 

Such divisibility properties are derived from the other main result of the paper: 
Let A" be a regular one-dimensional irreducible scheme, h: Specfc -^ X its generic 
point, and p a prime ^ char(fc). Assume that the residue class fields of X of 
characteristic p are perfect. Then SKi{X)/pSKi{X) is canonically isomorphic to 

NHl (A', ^f ) = Ker (hI (A', ^f ) ^^ H^ {F, ^f ; 

where X' = X[l/p\. 

Classical (Artin, Grothendieck, Verdier) calculations of etale cohomology show, 
in certain circumstances, that _ff?j(A',/i^^) = 0, and so one can deduce the p- 
divisibilityof S'i^i(A). 
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In |24i it is shown that there is the (appropriate) factorial unimodular row in 
the elementary orbit of any given unimodular row in this situation too. 

In (133J, Remark 1.2) Suslin indicates that his results can be generalized to 
higher dimensions via results of Merkurjev-Suslin in |19j. For curves, SKi{X) is 
isomorphic to H^(X, ii'2). S. Bloch in [7J has shown that for any regular scheme X 
of finite type over a field we have an exact sequence 

H^X,K2) -^ H\X,K2) -^ H^{X,K2/pK2) -^ CH^X) -^ 

where the first map is multiplication by p 7^ char(fc). Moreover in [l9j it is shown 
that H^{X,K2/pK2) is isomorphic to NH%{X,n®^). 

• When i? is a non-singular affine algebra over an algebraically closed field fc, 
g.c.d. ((d — l)!,char(fc)) = 1, and r = d. In this case by Swan's Bertini theorem 
one can ensure after an elementary transformation, that B — R/{a4, . . . , ad+i) is a 
non-singular three-fold over k. In this case the orbit space U mz{B) / E^^lB) can be 
identified with the elementary symplectic Witt group We{B) by a result of Rao- van 
der Kallen in [25]. 

We follow a similar cohomological path: In Proposition 4.1 it is shown that 
the Gersten-Grothendieck-Witt spectral sequence yields a cohomological descrip- 
tion of the Witt group by giving an isomorphism We{B) ~ H^{X,K^). Then in 
Proposition 5.1, using Bloch-Kato (for K2 and Ki) and the Bloch-Ogus spectral 
sequence it is shown that the cohomology group i7^(X, A'3) is divisible prime to 
the characteristic. 

Using a general position argument one can relax the restriction that the affine 
algebra R is non-singular if dim(i?) > 4. 

Interestingly, the work started by a different strategy. The original idea was 
to show that the injective stability estimates for a non-singular affine algebra R 
of dimension d > 3 over a perfect Ci field, falls to size d, i.e. the canonical map 
SLd{R)/Ed{R) — > SKi{R) is an isomorphism; improving the result of Rao-van 
der Kallen in [25j . The results in this paper allows us to conclude this for a 
non-singular affine algebra over an algebraically closed field, with d\ G k* . The 
idea for the general situation to do this was to show that the relative Witt group 
WE(i?[X], [X"^ — X)) of a two dimensional non-singular algebra R over a perfect 
Ci-field was a divisible group prime to characteristic. This result was established if 
one uses Bloch-Kato for K^. The details of this approach are being worked out, and 
we hope will appear elsewhere in [13J. As a consequence we hope to show that a 
stably free projective module of rank d—1 over a (non-singular) affine algebra of di- 
mension d over an algebraically closed field, for which g.c.d. {{d~ 1)!, char(fc)) = 1, 
has the cancellation property, if it has a unimodular element. 

Conventions. Every ring is commutative with 1, any algebra is of finite type over 
some field. For any abelian group G and any n G N, we denote by {n}G the 
subgroup of n-torsion in G. All the fields considered are of characteristic different 
from 2. If X is a scheme and Xp G X^p\ we denote by irip the maximal ideal in 
Ox,x and by k(xp) its residue field. Finally lo^ will denote the A:(a;p)-vector space 
/\P{xnp/xni) (which is one-dimensional if X is regular at Xp). If M and N are square 

matrices, we denote by M±N the matrix I 



4 JEAN FASEL, RAVI A. RAO, AND RICHARD G. SWAN 

2. GrOTHENDIECK-WiTT GROUPS 

2.1. Preliminaries. In this section, we recall a few basic facts about Grothendieck- 
Witt groups. These are a modern version of Hermitiaii iiT-theory. The general 
reference here is the work of M. Schlichting (HH], [27]). Since we use those groups 
only for affine schemes, we restrict to this case. 

Let i? be a ring with 2 G i?^. Let V{R) be the category of finitely generated 
projective i?-modules and Ch^{R) be the category of bounded complexes of objects 
in 'P{R). It carries the structure of an exact category, by saying that an exact 
sequence of complexes is exact if it is exact in 'P{R) degreewise. For any line 
bundle L on i?, the duality Homfl(_,L) on 'P{R) induces a duality (t^ on Ch''{R) 
and the canonical identification of a projective module with its double dual gives 
a natural isomorphism of functors wl '■ 1 —J- jJLtlL- One can also define a weak- 
equivalence in Ch^{R) to be a quasi-isomorphism of complexes. This shows that 
{Ch^{R),qis,^L:'^L) is an exact category with weak- equivalences and duality in 
the sense of [271 §2.3] (see also [loc. cit., §6.1]). The translation functor T : 
Ch^{R) — >■ Ch^{R) yields new dualities tl£ := T" o jj^ and canonical isomorphisms 
zul := (-l)"("+i)/2t:c7L. 

To any exact category with weak-equivalences and duality, Schlichting associates 
a space QW and defines the (higher) Grothendieck-Witt groups to be the homotopy 
groups of that space (^27, §2.11]). More precisely: 

Definition 2.1. We denote by GW/(i?,L) the group Tr,gW{Ch''{R),qis4{,m{). 
liL = R, we simply put GWl{R) = GW^ {R, R). 

Of course, the Grothendieck-Witt groups coincide with Hermitian X-theory 
([H], [H]), at least when 2 € i?^ ([H remark 4.16], see also [H]). In particu- 
lar, Gwf{R) = KiO{R) and GW'l{R) = K,Sp[R). The twisted groups coincide 
with Karoubi U groups, i.e. GWl{R) = -iUi{R) and GWl{R) = Ui{R). 

The basic tool in the study of Grothendieck-Witt groups is the fundamental exact 
sequence ([16], [HI Definition 3.6]; see also [HI Theorem 8]): 

. . . ^ GWiiR) X K,{R} -^ GW^+\R) ^ GW^_,{R) X if,_i(i?) ^ . . . 

The fundamental exact sequence ends with Witt groups as defined by Balmer ([2J), 
see [Ml Lemma 4.13] or [TI| Theorem 9]: 

. . . ^ GW\R) -^ Ko{R) —^ GW'+\R) -^ W'+'^iR) -^ 0. 

The homomorphism / is called the forgetful homomorphism and the homomorphism 
H is called the hyperbolic homomorphism. The object of the next section is to give 
some basic computations of Grothendieck-Witt groups of fields that will be used 
later. 

2.2. Basic computations. 

Lemma 2.2. The groups GW:^+^{F) ^ for i = 0, 1, 2. 

Proof First observe that by definition GWi{F) = K2Sp{F). Recall from [34l 
Corollary 6.4] that there is a homomorphism K2Sp{F) — )► l'^{F) such that the 
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following diagram is a fibre product: 

K2Sp{F) -/2(F) 



K2{F) ^P{F)/P{F). 

It follows that the natural map GW^|(F) — > K2{F) is surjective and the exact 
sequence 

GWi{F) *- K2{F) *- GVK|(F) GWi{F) 

shows that it suffices to prove that GW^iF) = to have GW^|(-F) = 0. Since there 
is a fibre product ([U Corollary 4.5.1.5]) 



GWl{F) *-/(F) 



K,{F) ^I{F)/I\F). 

the same argument shows that it suffices to prove that GWq{F) = 0. But this is 
clear since the sequence 

GW{F) KoiF) GW^{F) W\F) 

is exact and W^F) = ([3, Proposition 5.2]). D 

Lemma 2.3. The hyperbolic functor Ki{F) — >■ GWl (F) induces an isomorphism 
for i = 0, 1. 

Proof This is obvious and weh known for GW^{F) = KaSp{F). For GW^{F), it 
suffices to use the fundamental exact sequence and Lemma 12.21 D 



Lemma 2.4. The forgetful functor induces surjections f : GW-~^{F) — > {2}Ki{F) 
for i = 1,2. Moreover, if F is algebraically closed then f : GWi{F) — S> {±1} is an 
isomorphism. 

Proof. For any field F, the fundamental exact sequence 

GWrHF) *- Ki{F) GW^'{F) 

and the proof of Lemma 12.21 yield surjective homomorphisms 

GWl-'iF)^{2}K,{F) 

for i = 1,2. Suppose now that F is algebraically closed. The fundamental exact 
sequence 

GWiiF) X Ki{F) -^ GW^{F) — GW^F) X Ko{F) -^ GW{F) 

and Lemma 12.31 give an exact sequence 

Ki{F)/2 GW^{F) GW^{F) . 

Since F is algebraically closed, the left term is trivial. Now GW^{F) = Z/2 by [101 
Lemma 4.1]. D 
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3. The elementary symplectic Witt group 

Let i? be a ring (with 2 G R"). We first briefly recall the definition of the elemen- 
tary symplectic Witt group. For any n G N, let S'2„(-R) be the set of antisymmetric 
matrices in GL2n (R) ■ For any r G N, Let ^p2r be the matrix defined inductively by 

and ip2r '■= '02-LV'2r-2- Obscrve that V'2r C 82^. For any m < n, there is an obvious 
inclusion of S2m{R) in S2n{R) defined hy G ^^ G±V-'2n-2m- We define S'{R) as the 
set US'2„(i?). There is an equivalence relation on S'{R) defined as follows: 

If G G S'2^XR) and G' G S'^,„(i?), then G - G' if and only if there exists t G N 
and E G E2(m+n+t){R) such that 

G±V2(™+0 = E\G'^xj;2in+t))E. 

Observe that S'{R)/ ^ has a structure of an abelian group, with _L as operation 
and -02 as neutral element. One can also consider the subsets S2n{R) C 52„(i?) of 
invertible antisymmetric matrices with Pfafiian equal to 1. If S{R) :— U52n(-R), it 
is easy to see that ^ induces an equivalence relation on S{R) and that S{R)/ ^ is 
also a group. 

Definition 3.1. We denote by W^^iR) the group S'{R)/ ~ and by We{R) the 
group S{R)/ ^. The latter is called elementary symplectic Witt group. 

3.1. An exact sequence. In this section, we prove a few basic facts about the 
elementary symplectic Witt group and obtain a useful exact sequence (see |12[ 
§2]). If G is an antisymmetric invertible matrix of size 2n, it can be seen as an 
antisymmetric form on i?^". This yields a map ip2n '■ S'2„ — >■ KqSp{R), where the 
latter is the reduced symplectic Ko of the ring R. This map passes to the limit and 
preserves the equivalence relation ^. Hence we get a homomorphism 

if : W^(R) ^ KoSp{R). 

We define a map 

T]2„ ■■ GL2n -> S' 

by r]2n{G) = G*V'2nG for any G G GL2n{R), and a map 

'72n+l '■ GL2n+l{R) -^ S 

by r]2n+i{G) = (G±l)*?/'2(n+i)(G-Ll) for any G G Gi2n+i(^)- Those maps obvi- 
ously pass to the limit, and we obtain a map 77 : GL{R) -> W'^{R) after composing 
with the projection S" -^ W'^{R). Using Whitehead Lemma ([2TJ proof of Lemma 
2.5]), it is not hard to see that 77 induces a homomorphism 

ir-Ki{R)-^W'E{R). 

Proposition 3.2. There is an exact sequence 

KiSp{R) -^-^ Ki{R) —^ W'e{R) — ^ KoSp{R) — ^ Kq{R). 

where f is the homomorphism induced by Sp2n C S'-L2n for any n, f is the forgetful 
homomorphism and Kq{R) is the reduced Kq of R. 
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Proof. First, a straightforward computation shows that this sequence is a complex. 
Now we check that it is exact. 

It is well known that any element of KoSp{R) is of the form [P,(j)] for some 
projective module P and some antisymmetric form (p : P ^f P^ ([5] Proposition 
2]). But f{P,(p) = if and only if P is stably free and adding a suitable H{R'') 
we see that P is given by an antisymmetric matrix on some i?^". Let M be an 
(invertible) antisymmetric matrix such that (p{M) = 0. Adding if necessary some 
multiple of ip2, we have M — G*ip2nG for some n. Therefore M = ri{G). If 
r]{G) = 0, we can suppose that G € GL2n{R) for some n 6 N and the triviality of 
T]{G) is expressed as G^i>2nG ^ ip2- This translates as 

V'2(„+s) = E\{G'ij2nG)±^2s)E = E'{{G±l2sy^2(n+s){G±l2s))E 

for some s £ N and some E e i?2(n+s) (-R)- Therefore {M±l2s)E e Sp2(n+s) (-R)- D 

4. Identification with GW^{R) 

4.1. The group GW^{R). Recall from Section O that GWf{R) is defined to be 
the group TiigW{Gh}>{R), qis, f, w^). 

Consider the category SJ-{R) of stably-free i?-modules of finite rank, and the 
category Ghlf{R) of bounded complexes of objects of ST{R). Restricting the dual- 
ity, the canonical isomorphism and the quasi-isomorphisms to C/i^f (i?), we see that 
C/igf (i?) is also an exact category with weak-equivalences and duality. If we denote 
by GW^^f{R) the Grothendieck-Witt group obtained from this category, then the 
natural map C/i^f (i?) —^ Ch^{R) induces an isomorphism 

GWl^iiR) -^ GWf{R) 

by [m Theorem 4.10]. 

Recall moreover that the group GWi{R) fits in the fundamental exact sequence 

KiSp(R) — ^ Ki{R) — ^ GW^{R) —^ KoSp{R) — ^ Ko{R) 
which gives an exact sequence 

KiSp{R) — C> Ki{R) — ^ GW^{R) -^-^ K^Sp{R) — ^ ^o(^) 

4.2. The group V(i?). Consider the set of triples (i,/o,/i), where L is a stably 
free module and /^ : L ~ i^ are antisymmetric isomorphisms (i = 0, 1). Two triples 
(L,/o,/i) and (L',/g,/{) are isometric if there exists an isomorphism a : L -^ L' 
such that /,; = a^ f[a for i = 0, 1. We denote by [L, /o, /i] the isometry class of a 
triple (L, /o, /i)- The orthogonal sum 

[L, /o, /i]±[£', fi f[] := [L © L', f^LJi hL}[] 

endows the set MV'(i?) of isometry classes of triples [i, /o, /i] with a structure of 
a monoid and we can consider its Grothendieck group V'{R). We denote by V{R) 
the quotient of V'{R) by the subgroup generated by the relations 

[L,/o,/l] + [i,/l,/2]-[i,/o,/2]. 

The group V{R) is naturally isomorphic to GVFfgf(-R) by [28J, and the latter is 
isomorphic to GWf{R) by the above section. 
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4.3. The isomorphism. Let (L, /q, /i) be a triple as in the above section, with L 
free. Choose an isomorphism g : i?^" — > L and consider the isomorphism 

It is clearly antisymmetric and we can consider its class in W^{R). 

Lemma 4.1. The class of {g'^ fig)L(—g^ f^g)^^ in W'^{R) does not depend on g. 

Proof. If h : R^"" — >■ L is another isomorphism, then 

{g^f^g)±{~g^fog)-'^[{h-^gr±{g-'hmh^f^h)±{-h''foh)-^][{h-^g)±{g-^hr] 

It is then sufficient to prove that the conjugation by gJ-{g^^Y is trivial in W'^(R). 
This follows from [4, Lemma 4.1.3]. D 

We set CiLJoJi) to be the class of (ff^/i<?)±(-5^/off)-i in W^^R) for any 
isomorphism g : R^" — > L. Next we deal with isometries: 

Lemma 4.2. If {L, fo, fi) and (i'./g,/{) are isometric, then we have an equality 
C(L,/o,/i)-C(i',/o,/{) tnW'EiR). 

Proof. If g : R^" ^ L is an isomorphism, and a : L — >■ L' is an isometry then 
ag : i?^" -^ L' is an isomorphism and the result follows from a^ f-a = fi for 
i = 0,l. D 

Hence we see that the class ({[L, fo, fi]) is well defined. It remains to define C 
when L is not free. Since L is stably free, there exists A^^ such that i©yl^'" is free. 
If /j : L — >■ L^ is an isomorphism, then we can consider fiJ-'ip2r as an antisymmetric 
form on L © A^^ . We set C([i, /o, A]) := C([i ® A^-, /o±V2., /aV'2.])- 

Lemma 4.3. The map 

C : V'{R) ^ I^{,(i?) 
is a well defined homomorphism. 

Proof. Suppose that L is stably free and that L © A^"^ is free. If L © A^" is also 
free, we can suppose that s > r because of Lemma 14.11 If g : i?^" -^ L (B A^^ is an 
isomorphism, then we can take g±l2(s-r} '■ _r2("+''^'') -^ L(BA^^ as the isomorphism 
used to define ({[L © A^", /o-LV'2s, fi-Ltp2s])- It is then immediate to see that 

c([L © A2^ /o±v2., fi^^2s]) = a[L ® A'^ /o^V'2., /a^2r]) 

in W^^(i?). The fact that C is a homomorphism follows directly from the definitions. 

D 

Finally: 

Proposition 4.4. The homomorphism ( : V'{R) -^ W^(R) induces a homomor- 
phism 

C : V{R) -^ W'e{R). 

Proof. By definition of (, it suffices to check that 

c([A2^ /o, A]) + a[A'\ /i, A]) = a[A'\ a, m) 

in W^{R). But this is clear since the right hand term is equal to 

/i± - fo'±f2± - /r' 

and fil. — fi^ is elementary equivalent to some ip2n by [4^ Lemma 4.5.1.10]. D 
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It remains to prove that (. is an isomorphism, but ah the work is almost done. 
Theorem 4.5. Let R be a ring with 2 G R^ . The following diagram commutes 



Ki{R)- 



KAR) 



V{R) 



W'^{R) 



KoSp{R) 



KoSp{R) 



and C is an isomorphism. 

Proof. In view of Proposition 13.21 it suffices to prove that the diagram commutes 
to prove that C is an isomorphism. Let a £ Ki{R) be represented by a matrix 
G e GL2„(i?). Then H is given by H{a) = [A^",'ip2n,G'^^2nG] by [4] Proposition- 
Definition 4.5.1.3]. Since —{ip2n)~^ = "02™, the right square commutes. If [L, /o, /i] 
is in V{R), then ,5([i, /o, /i]) = [L, fi] - [LJo] in KoSp{R) ([4, §4.5.1]). Since 
[L,fo] = [L'^j/q^], the right hand square also commutes. D 

This theorem shows that W^{R) inherits all the good properties of GWi{R). In 
particular, it is homotopy invariant if R is regular (and 2 € R^) and in that case 
We{R) is also homotopy invariant. 



5. The Gersten-Grothendieck-Witt spectral sequence 

Let X be a regular scheme. Recall from |lli Theorem 25] that the Gersten- 
Grothendieck-Witt spectral sequence is a spectral sequence E{n) defined for any 
n G 7j converging to GW,"_^(X) whose terms at page 1 arc of the form (recall our 
conventions about uj^ )'■ 

By construction of the corresponding spectral sequences, the forgetful homomor- 
phism and the hyperbolic homomorphism induce morphisms of spectral sequences 
between the Gersten-Grothendieck-Witt spectral sequence and the Brown- Gersten- 
Quillen spectral sequence in i^T-theory. 

Proposition 5.1. Let X he a smooth affine threefold over an algebraically closed 
field k. Then the Gersten-Grothendieck-Witt spectral sequence _E(3)P''^ yields an 
isomorphism 

We{X)c^H^{X,K3). 



Proof. First remark that the line q = 1 is trivial by Lemma 
as follows: 



The line g = 2 is 



GWiikiX),uj) *- GW^kixi),io,,) -0 



Lemma 12.31 shows that this is isomorphic, via H, to 

K,ik{X)) Ko{k{xi)) 



-^0 
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whose homology at degree is just Ox{X)'^'. Now the Pfaffian homomorphism 
GWi{X) -^ Ox{X)^ is clearly split, and we see that the kernel of the edge homo- 
morphism GW^{X) -^ E{3)"J is precisely We{X). 

We now show that ^(3)^" ~ H'^{X,K3). But £'(3)^° is the homology of the 
complex 



GWiikixi),uj,,)^ GW,\kix2), 



UJ-r 



GWikixi),oj,,] 
xaexi^y 



We use the forgetful functor to compare this sequence with the corresponding se- 
quence 

K.ikix^))^ K^ikix^))^ Koikix,)) 

a;ieX(i) X2€X(^) xseXi^) 

in ii'-theory. After devissage, the forgetful functor and the proof of Lemma 
yield exact sequences 



0- 



^ I4-P^F) ^ GW^I^iF) -J^ K,^p{F) 







for any field F and any p — 1,2, 3. Now if Xp G X^p\ then cd{k{xp)) < 3~p by [291 
§4.2, Proposition 11]. Hence H'^~P{k{xp), ^2) — and the latter is isomorphic to 
/'*-P(fc(xp))/J5-P(fc(xp)) by m Theorem 4.1] and [SH Theorem 7.4]. The Arason- 
Pfister Hauptsatz [T] then shows that I'^~^ {k{xp)) = 0. This yields the result. 

Finally, we prove that E{3)^^^ = 0. It suffices to show that the cokernel of the 
homomorphism 



GWi{k{x2),iOx2) 
X2£X(2) 



GW?{k{x3),LU^x,) 



is trivial. Lemma |2 .41 yields a commutative diagram 

GWiik{x2),u;,2) GW^ik{x3),iu,,) 

X2eX(^) a;3GX(3) 



{2}K2ik{x2))' 

X2ex(^'> 



. {2}K,{k{x,)) 



in which the left vertical map is surjective and the right vertical map is an iso- 
morphism. Hence both sequences have the same cokernel. But now there is a 
commutative diagram 



K^ik{x2))/2^ 
X2exm 



{2}K2{kix2)) 

X2eX(2) 



■ Xo(fc(x3))/2 

a;3eX(3) 



{2}K,ik{x,)) 

X3£X(3) 
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in which the left vertical map is surjective and the right vertical map is an isomor- 
phism. The cokernel of the above sequence is CH^{X)/2 which is trivial by [9l 
Lemma 1.2]. Whence the result. D 



6. Divisibility of We 

In this section, we prove that We{R) is divisible for a smooth algebra R of 
dimension 3 over an algebraically closed field. Set X = Spec(i?). In view of 
Proposition 15. 11 it suffices to prove that H^{X^K-i) is divisible. The idea is to use 
Bloch-Kato (for K2 and Ki) and the Bloch-Ogus spectral sequence. 

Proposition 6.1. Let X he a smooth affine threefold over an algebraically closed 
field k. Then H^(X, K^) is divisible prime to char(fc). 

Proof. Let I be a prime number different from char(fc). Consider the exact sequences 
of sheaves (see j7j proof of Corollary 1.11] for instance) 

^ {/"}if3 ^ K3 ^ l^Ks ^ 0, 

and 

*- PK3 *- K3 *- K^/rKy, ^ 0. 

Since Kq{F) = Z for any field F, we get H^{X,{r}Kj,) = 0. This yields the 
following diagram where the line and the column are exact: 

H^{X,K^) ^H^X,PK3) ^0 

H^{X,Ks) 



H\X,K:,/l^K^) 

It suffices then to prove that H^{X, K^/V^K^) = to show the divisibility by /". 
For any g,TO G N, let 'H'^{m) be the sheaf associated to the presheaf 

The Bloch-Ogus spectral sequence ([8]) converges to the etale cohomology groups 
H*^{X, fj,^"^) and its groups at page 2 are the groups H^^^,{X,'H'^[m)). These are 
computed via the Gersten complex 

H'^{k{X),t,fr)^^ H'i-\k{x^),^,fr'') — -... 

Using again that cd{k{xp)) < 3 — p for any Xp £ X'^^^ ([29' §4.2, Proposition 
11]), we get H^^^{X,TL'^(m)) = for any g > 4. Since X is afhne, this implies 
H^iX,n^{m)) = Hlt{X,iifJ^) = by [201 Chapter VI, Theorem 7.2]. 
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Now there is a commutative diagram ([7, Theorem 2.3]) 



K,ikix,))/r 



H\k{x,),^%')^ 

xiEXW 



Xi(fc(x2))/Z" 

E2eX(2) 



■ H\k{x2),^ll^) 

X2ex(^) 



■ Koikix,))/r 

X3ex(3) 



■ H%k{x3),Z/n 



whose vertical maps are isomorphisms ([19J). This gives 

Whence the result. 

7. The Main Theorem 



D 



In this section we prove that a stably free module of rank (d — 1) over a d 
dimensional affine algebra R over an algebraically closed field k, for which g.c.d. 
{{d — l)!,char(A;)) = 1, is a free module. 

We first recall a lemma and a theorem of L.N. Vaserstein ([37' Corollary 2]). 

Lemma 7.1. Let (ai,a2,a3) GUm3(i?), u € R, and Rai + Ru = R. Then the rows 
(01,02,03) and (oi,ua2,wo3) are in the same elementary orbit. 

Consequently, by Whitehead's lemma the rows (01,^02,^03) and (01,02,1*^03) 
can be seen to be in the same elementary orbit. In particular, if —1 is a square in 
R, then (—01,02,03) and (01,02,03) are in the same elementary orbit. 

Theorem 7.2. Let R be a three dimensional non-singular affine algebra over a Ci 
field k which is perfect if the characteristic is 2 or 3. Then the Vaserstein symbol 
V : Um3{R) / E3{R) — > We{R) is an isomorphism. 



Proof See [25, Corollary 3.5]. 



D 



The isomorphism gives rise to an abelian groups structure on the orbit space 
Um3{R)/E3{R), when R is as above. 

We recollect a few facts about the groups structure in a Witt group: Given 
V = (wo,'yi,W2), w — {wo,wi,W2) G Um3{R), with {v,w) = 1, we shall denote by 
V{v, w) the class of the 4x4 alternating matrix of Pfafhan {v, w){= 1), viz. 



V{v, w) 



For simplicity, we may just write V{v), as the class of V{v, w) does not depend on 
the choice of w such that {v,w) = 1. 

(i) (Vaserstein's rule) ([351 Theorem 5.2 (iii)]) 



/ 


Vq 


Vl 


V2 \ 


-vo 





W2 


-Wl 


-Vl 


— W2 





Wq 


\~V2 


Wl 


-Wo 


/ 



V{a,b,c) LV{a,x,y) 
where xx' + yy' — 1 mod (o) . 



F(o,(&,c) 



X y 
-y' X 
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(ii) We give van der Kalleii's formula for the product in the group, which he 
established in U mz{R) / Ez{R) , when i? is a two dimensional ring. His proof 
was based on the Vaserstein rule as described in [36', §3.7]; and so also holds 
in We{R) (with no restriction on the dimension) 

V{a,b,c) LV{x,b,c) = V{a{x + a'),b,c), 

when aa' + 66' + cc' — \. 
(iii) 

F(a,6,c)-i = V{~a',-h',-c'), 

where aa' + 66' + cc' = 1. In particular, via |26l Lemma 1], it follows that 

F(a,6,c)-i = T^(-a',6,c), 

(iv) W. van der Kallen in [36l Theorem 3.16 (iii)] has given a formula for the 
group structure when you multiply by a vector which has a square coordi- 
nate, in U mj,{R) / Ez{R) , for a two dimensional R. The same formula (and 
proof) works in We{R), as it is based on van der Kallen's formula for the 
inverse; which holds due to the Vaserstein rule. 

V{ab^, c, d) = V{a, c, d) ± V^(6^ c, d) 

(v) Following L.N. Vaserstein in [37J we let Xn(b]) denote the equivalence class 
of the vector (w", W2,'y3). This is well defined according to L.N. Vaserstein 

m- 

We now recall the 'Antipodal lemma' of Rao in [23, Lemma 1.3.1] which 
relates [u]" and [Xn(b])]- The proof of this lemma is based on the formulae 
(ii)-(iv) and so also holds in We{R), with no restriction on the dimension 
of i?: 

F(a, 6, c) _L F(a, 6, c) ± • • • 1 F(a, 6, c) = F(a",6,c) 

(where the F(a, 6, c) is added n times) provided (a, 6, c) and (—a, 6, c) are 
in the same elementary orbit. Observe that this holds in particular if —1 is 
a square in R via Lemma |7. II 



Theorem 7.3. Let R be a d- dimensional non-singular affine algebra over an alge- 
braically closed field k. Assume that g.c.d. {{d — l)!,char(fc)) = 1. Then any uni- 
modular row (oq, ai, . . . , a^-i) of length d over R can be elementarily transformed 
to a vector of the form (6o,6i, . . . ,6)j_j^ ), and so is completable to an invertible 
matrix. 

Proof. By Swan's Bertini theorem in |35| we may assume, after an elementary 

transformation, that B = _R/(a3, . . . , a^-i) is a non-singular affine algebra of a 

smooth threefold. 

The orbit space U m:i{B) / E-i{B) can be identified with We{B) by Theorem O 
By Theorem l6. li the group We{B) is divisible prime to the characteristic. Hence, 

we can extract (d — l)!-roots in this group, in view of the hypothesis. 

But by Antipodal Property 'a power is the same as a coordinate power' in this 

group; whence the result via Suslin's theorem in [31) . D 

Corollary 7.4. Let R be a d dimensional affine algebra over an algebraically closed 
field k with d> A. Assume that g.c.d. ((d— 1)!, char(fc)) = 1. Then any unimodular 
row (ao, oi, . . . , a^-i) of length d over R which is ei modulo J, where J is the ideal 
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of the singular locus of R, can be elementarily transformed to a row of the form 
{bo, 61, ... , b^j^^i ), and so is completable to an invertible matrix. In particular, if R 
is normal of dimension d then every unimodular row of length d can be elementarily 
transformed to a row of the form (&o, 61, . . . , b\j^_i )■ 

Proof. In view of ^26i Theorem 2] we may assume that i? is a reduced ring. By 
Swan's Bertini theorem as stated in |18j we may assume that, after adding a general 
hnear combination of a^, d — 3 < i < d — 1 to ao, . . . , ad-4, R/{o-o, • ■ • , o,d-i) is still 
a non-singular threefold outside the singular locus of R. But since oq is 1 modulo 
J, this will mean that R/{ao, . . . , ad-4) is a non-singular threefold. 

Now we revert back to the argument used in Theorem 17.31 to complete the asser- 
tion. 

If R is normal, it is regular in codimension one, and so height (J) > 2. Then 
Umci{R/ J) = eiEd{R/ J). Hence, we can assume, after an elementary transforma- 
tion, that ao = 1 modulo (J), and a,; £ J, for i > 1. Now we are in the previous 
situation. D 

Corollary 7.5. Let R be a non-singular affine algebra over an algebraically closed 
field k of dimension d. Assume that d\k = k. Then any a e SLd{R) H Ed+i{R) is 
homotopic to the identity; whence an elementary matrix. 

Proof. Let a{X) be a homotopy of 1 _L u with the identity matrix. Then 

eia(X) e Umd+iiR[X], {X^ - X)). 

Let t = (X^ — X). We show that eia(X) can be completed to an invertible matrix 
which is congruent to identity modulo (X'^ ^ ^)- This will suffice to prove the 
result. 

We argue as in [25, Proposition 3.3]. Let B = R[X,T]/{T'^ - Tt), and let 
eia(X) = ei + [X^ - X)w{X) := v{X), with w{X) e R[XY+'^ . Lift it to an 
element u{T) = ei + Tw{X) G Umd+i{B). So u{t) = v{X), and m(0) = ei. Since 
R is non-singular the ideal of the singular locus of B is [T, {X^ — X)). By Theorem 
[731 u{T)e{T) is a d!-factorial row over B, for some e(T) G Ed+i{B). By [25l 
Proposition 3.3] or [24, Proposition 5.4], there is a 5{T) e SLd+i{B, (t)) such that 
u{T)e{T) = ei5{T). Let P{T) = e{T)5{T)-^ . Then P{0)-^ f3{t) is a completion of 
V which is congruent to identity modulo (t). 

The last assertion is clear from T. Vorst's theorem in [40]. D 

Corollary 7.6. Let R be a non-singular affine algebra over the algebraic closure k 
of a finite field of dimension d > 3. Assume that d\k — k. Then the natural map 

SLd(R)/Ed{R) -^ SKi{R) 

is an isomorphism. 

Proof. The surjectivity follows from L.N. Vaserstein's theorem in [38, Corollary 
17.3] that the equality Umn{R) — eiEn(R) holds for n > d. The injectivity is a 
follows from Corollarv l7.5l D 

Corollary 7.7. Let R be a non-singular affine algebra over an algebraically closed 
field k of dimension d < 4. Assume that d\k = k. Then the Vaserstein symbol 

V:Um3{R)/E3iR) -^ WeiR) 

is an isomorphism. 
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Proof. L.N. Vasersteiii in [38j Theorem 5.2(c)] has shown that V is surjective. Apply 
[38l Lemma 5.1] to conclude that V is injective as SL4{R) r\E{R) = E^^i^R) in view 
of Corollary O D 
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